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Abstract: The material characterization of single crystalline Cu columns was numerically carried out at the 
submicroscopic level. A molecular dynamics (MD) simulation was employed using the embedded-atom 
method (EAM) interatomic potential between a pair of Cu atoms to describe the interactions among Cu 
atoms. First, the relationship between mechanical properties and factors affecting their behavior were 
numerically investigated using a crystal structure including several defects. The factors were specimen 
size, strain rate, and temperature. As the specimen size increased the normalized yield stress decreased, 
which was similar to results obtained at other length-scale. The yield stress tended to lead to exponential 
strain rate-hardening and a linear temperature-softening. Next, material characterization was conducted 
based on these results. These computational results can lead to the development of an in silico platform to 
characterize material properties and MD simulation can lay the groundwork for multi-scale modeling and 
simulation.
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1. INTRODUCTION

Nano-scale research has expanded enormously, resulting in 

promising applications based on the enhanced physical 

properties found at the nanoscale [1-3]. Among this research, 

numerous studies have been conducted to understand the 

mechanical behaviors of metal nano-wires [4-8]. Such 

metallic materials have many applications, including as 

nanoscale tips for scanning tunneling microscopes (STM) and 

atomic force microscopes (AFM) [8], and nanoscale wiring in 

integrated circuits [9].

Furthermore, nanoscale studies are considered as a useful 

way of approaching multiscale simulation to identify material 

properties across various ranges of length and time scales 

[4,10-12]. Silva et al. [12] discussed diverse problems to 
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examine the potential of multiscale modelling. Abraham et 

al. [13] used a hybrid simulation method using quantum- 

mechanical derivations with molecular dynamics simulations, 

in which they used hand-shaking algorithms between the 

finite-element and MD regions, and between MD and the 

quantum tight-binding regions.

In this paper, we have studied the mechanical properties of 

nanoscale copper column and have carried out material 

characterization at the atomistic scale to further investigate 

the multiscale simulation of alloys containing copper atoms.

2. MODELING & SIMULATIONS

Molecular dynamics (MD) simulations were carried out 

using LAMMPS [14,15], which is one of the open sources 

programs for MD simulations. The embedded-atom method 

(EAM) approach was employed to describe the motion of 
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Fig. 1. A specimen for tensile test.

atoms. In the EAM approach [16,17], the total energy  of a 

system of atoms is written as the sum of the atomic energy,

 


 , (1)

with the atomic energy being the sum of two contributions,
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where   the an interatomic pairwise potential, and    

is the embedding energy function of the local “atomic 

density” at the site of atom  . The interatomic pairwise 

potential represents the interaction between an individual 

atom and its neighbor as a function of the relative distance . 

The embedding energy describes the interaction among the 

electronic orbitals of the atoms. A non-dimensional term   is 

also considered to be the contribution of each neighbor atom 

to the electronic density of a particular atom,
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In this paper, the EAM parameters of Cu proposed by 

Mishin et al. [18] were used for the simulations.

During the tensile test simulation, the atomic stress on the 

α-plane and in the -direction was calculated using the Virial 

theorem [19], which takes the form

 
 






Ω

 



Ω
 

≠


ϕ







(4)

where  is the number of atoms,   the volume of -th 

atom,  the mass,  the velocity component in the α

-direction,  the relative distance between -th atom and -th 

atom, respectively. The first term is a kinetic energy 

component for the -th atom, and the second term is a 

potential component due to the interatomic force.

3. RESULTS & DISCUSSIONS

A uniaxial tensile test was simulated using the MD 

simulation with the EAM potential. As shown in Fig. 1, the 

specimen was a FCC copper nano-column without any 

defects under tensile loading in the [001] direction. The 

longitudinal direction of the specimen was set on a periodic 

boundary condition. The other two orthogonal directions, 

[100] and [010], had free surfaces. The OVITO program, 

which is a freely available visualization software developed 

by Alexander Stukowski at Darmstadt University of 

Technology in Germany, was used to visualize the simulation 

results [20].

The characteristic length and normalized yield stress were 

introduced to evaluate the relationship between the yield 

stress and factors affecting the material behaviors, such as 

specimen size, strain rate, and temperature. The characteristic 

length was defined by the ratio of volume,   and the free 

surface area,  :   . For example, the  for a 

cylindrical specimen is equal to the diameter and the  for a 

cubical specimen is equal to the segment length.  is useful 

for analyzing the data of various specimen shapes and sizes. 

The normalized yield stress was defined by the ratio of yield 

stress to elastic modulus, which is a non-dimensional 

parameter.
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Table 1. Effect of specimen size on mechanical properties.

Diameter
(nm)

Yield stress
(GPa)

Young’s 
modulus

(GPa)

Normalized yield 
stress

(-)
5 7.00 67.0 0.1045

10 6.83 65.9 0.1036
20 6.82 66.0 0.1033

Fig. 2. (a) Evolution of copper nano-column, and (b) stress-strain 
curve and change of temperature. ‘A’ is at initial state, ‘B’ at 
yielding point, ‘C’ after first slip, ‘D’ at locally highest stress 
state, and ‘E’ at fracture. Fig. 3. Effect of specimen size on stress-strain curve at 300 K 

with strain rate 1E9/s.

3.1 Overall tensile behavior

The uniaxial tension test was simulated with a 10 nm 

diameter specimen, a strain rate of 109/ , and a temperature 

of 300 . The yield stress and the elastic modulus were 6.83 

GPa and 65.9 GPa, respectively. According to Hertzberg [21], 

the elastic modulus of a single copper crystal in the [001] 

direction is equal to  . The elastic modulus, 

which is one of the physical properties of the crystal, was 

similar to that of the material at macroscale, although the 

yield stress was different with the one at macroscale.

Figure 2 shows the evolution of the copper nano-column 

from its initial state to fracture, where necking phenomenon 

was observed. Figure 2(a) and Figure 2(b) are the crystal 

structure, and the stress-strain relationship, respectively. After 

elastic elongation, a sudden slip appeared with a quick drop in 

stress and a corresponding increase in temperature, due to 

dislocations in region B-C in Fig. 2. The dislocations were 

initiated by the smallest Burgers vector in the close-packed 

directions for the FCC crystal structures, making it easy to 

rearrange along the plane. Then, recrystallization occurred, 

which rearranged or eliminated the dislocations in region C-D 

in Fig. 2. This reduced the internal energy of the specimen. 

The slip-recrystallization cycle repeated until fracture in 

region D-E in Fig. 2.

3.2 Size effect

Next, the effect of specimen size was investigated using 

the tensile test. The radii of the 3 different specimens were 5 

nm, 10 nm, and 20 nm with a ratio of diameter to height of 

1:2. Figure 3 and Table 1 show the resulting stress-strain 

relationships and several properties for a strain rate of 109/  

at 300 K, respectively. While the elastic modulus was 

independent of the specimen size, the yield stress and zigzag 

curve after the yield point was affected by size. The 5 nm 

sample had the highest normalized yield stress among them. 

As the specimen size increased the normalized yield stress 

slightly decreased, which was similar to the tendency at other 

length scales. As the specimen size decreases, the stress-strain 

curve became more zigzag. Besides, the second peak 

appeared at a very low strain for the smaller size specimen as 

compared to the bigger size specimen.

Figure 4 shows representative images of the crystal 



763 Yujin Seong, Youngkyu Kim, Im Doo Jung, Sungho Kim, See Jo Kim, Seong-Gon Kim, Hak Jun Kim, and Seong Jin Park

Fig. 4. Crystal structure with (a) diameter 5nm, and (b) 20 nm.

Fig. 5. Effect of strain rate on stress-strain curve of specimen with 
diameter 10 nm at 300 K.

Fig. 6. Crystal structure with (a) strain rate 1E9/s, and (b) 1E10/s.

Table 2. Effect of strain rate on mechanical properties.

Strain rate
(/s)

Yield stress
(GPa)

Young’s 
modulus

(GPa)

Normalized yield 
stress

(-)
1E8 6.38 65.7 0.0971
1E9 6.83 65.9 0.1036
1E10 7.56 67.1 0.1127

structures at different specimen sizes. Clusters can be 

observed in the cases with 10 nm, and 20 nm diameter, while 

the 5 nm specimen rarely exhibits clusters. Nucleation of the 

clusters is associated with the ratio of surface to volume. As 

the  specimen size increases, the ratio of surface to volume is 

reduced. The ratio prevents the nucleation of dislocations, 

leading to the nucleation of clusters instead of dislocations, to 

reduce stress in the specimen. The number of clusters 

increases with increasing specimen size.

3.3 Strain rate effect

The strain rate effect was studied for three strain rates 108/
 , 109/ , and 1010/  at 300 K. As shown in Fig. 5 and Table 

2, the yield stress increases and the zigzag curve is smoother 

with increased strain rate, while the elastic modulus is 

independent of the strain rate. The smoothing of the 

oscillation of the zigzag curve is because there was not 

enough time for the kinetic energy between the deformed 

atoms to transfer to others at the higher strain rate. Figure 6 

shows the crystal structure with two different strain rates. The 

oscillation mode is associated with the deformation of crystal 

structure [5]. For 109/ , the crystalline structure with the 

stacking faults and the dislocations was observed to have a 

clear zigzag curve (Fig. 6(a)). At a higher strain rate, a 

crystalline structure with amorphous regions was observed, as 

shown in Fig. 6(b). The higher the strain rate, the weaker the 

zigzag curve, and the greater the delay in the second pick of 

the curve, due to more complex defects including 

amorphization, twinning, and dislocations.

Horstemeyer et al. [4] determined that there are two 

regions in the yield stress curve for strain rate: the plateau 

stress region and the stress-increasing regions. In the plateau 

stress region, the stress is constant and independent of the 

strain rate. Moreover, the yield stress increases exponentially 

with respect to strain rate in the macroscale [22]. Taking this 

into consideration, it was assumed that the yield stress 

exponentially increases with respect to strain rate at the 

nanoscale. A critical plateau strain rate was introduced to 

divide the effect into two regions: the plateau stress region 

and the exponentially-increasing one. Below the critical 
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Fig. 7. Critical plateau strain rate with (a) normalized yield stress, 
and (b) characteristic length.

Fig. 9. Young’s modulus at various temperatures.

Fig. 8. Effect of temperature on stress-strain curve of specimen 
with diameter 10 nm and strain rate 1E8/s.

Table 3. Effect of temperature on mechanical properties.

Temperature
(K)

Yield stress
(GPa)

Young’s 
modulus

(GPa)

Normalized yield 
stress

(-)
300 6.38 65.7 0.0971
500 5.12 57.4 0.0892
700 3.98 49.3 0.0807

plateau strain rate, the stress is independent of the strain rate. 

Above the critical value, the stress increases exponentially 

with the strain rate. Figure 7(a) is the normalized yield stress 

with strain rate, where the critical plateau strain rate is 

dependent on the characteristic length. Numerical/experimental 

results of the other characteristic length scale [7,23] were 

used to determine the relationship between the critical plateau 

strain rate and the characteristic length, as shown in Fig. 7(b). 

The relationship between the critical plateau strain rate and 

the characteristic length is calculated by

logε    log , (5)

which provides the critical plateau strain rate with the 

characteristic length, to evaluate the effect of factors 

independent of the strain rate. The strain rate below the 

critical value was essentially used to characterize the effects 

of size and temperature on the material behaviors.

3.4 Temperature effect

The nano-column with a diameter of 10 nm was tested with 

three temperatures, 300 K, 500 K, and 700 K, at a strain rate 

of 108/ . The higher the temperature, the lower normalized 

yield stress, and the lower the elastic modulus, as shown in 

Fig. 8 and Table 3. This is because the atoms have high 

entropy as the temperature increases and the atoms vibrate 

with high amplitude. As the atomic motion increases, atomic 

rearrangement becomes more active. Unlike other factors, the 
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Fig. 10. Relationship between specimen size and yield stress.

Table 4. Parameters for yield stress
      

6.27E-6 -0.506 0.131 2.68 0.0193 67.6 GPa 0.761

elastic modulus  linearly decreased with temperature as 

shown in Fig. 9. The relationship between these parameters 

can be defined by

  
    , (6)

where   is the homologous temperature set to 

      . The subscript ‘r’ and ‘m’ refer to 

the room temperature and melting temperature, respectively. 

The unit of elastic modulus is GPa.

3.5 Material characterization

The material behaviors of single crystalline copper was 

characterized using three factors: specimen size, strain rate, 

and temperature. These effects on the yield stress are 

discussed in Section 3.2 to 3.4. The yield stress can be 

expressed as the product of the elastic modulus and the 

normalized yield stress:

 
  


  lnε    (7)

Here,  , and   are non-dimensional parameters.   is 

equal to    , where  is the critical plateau strain 

rate as shown in Eq. 5. The elastic modulus involves the 

thermal softening effect. The normalized yield stress is a 

function of the characteristic length and the strain rate. The 

unit for  is a meter. There are seven parameters in the yield 

stress:  ,      and .

The seven parameters for single crystalline copper were 

obtained using the experimental and numerical data from the 

tensile tests, from nanoscale to macroscale. First, the two 

parameters of the elastic modulus,  and   were found 

using Eq. 6. Next, five parameters of the normalized yield 

stress were obtained by curve-fitting above the critical plateau 

strain rate. As depicted in Fig. 10, the relationship between 

the normalized yield stress and the characteristic length has a 

power law. The micro- and macroscale results have been 

experimentally obtained by other researchers [23,24]. The 

parameters are summarized in Table 4. Figures 11 and 12 

provide a comparison of the experimental/numerical data and 

the model used in Eq. 7. The model is well matched with the 

data. In Fig. 11, the effects of specimen size and strain rate 

are well expressed in Eq. 7. Figure 12 shows the thermal 

softening effect, expressed in terms of the elastic modulus 

only. It is noted that the proposed model can be used for 

simulating crystal plasticity at the mesoscale, which is one of 

the steps in multiscale simulation. However, there are 

limitations in that Eq. 7 is restricted for the single crystalline 

case only.

4. CONCLUSION

The material behavior of a single crystalline Cu column 

was characterized by specimen size, strain rate, and 

temperature. First, the relationship between the mechanical 

properties and three factors affecting the behavior, specimen 

size, strain rate, and temperature, were numerically 

investigated using a crystal structure including several 

defects. Elastic modulus was found to be only dependent only 

on temperature, while yield stress was dependent on all three 

factors. As the specimen size increased the yield stress 

decreased, which was also found to be the case at other 

length-scales. Also, zigzag curves after the yield point 

weakened and clustering in the crystal structure was observed 
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Fig. 11. Specimen size and strain rate effect on the normalized yield stress: (a) Lc=2 nm, (b) Lc=10 nm, (c) Lc=2 nm, and (d) Lc=1.25 nm.

Fig. 12. Thermal effect on the normalized yield stress

at large specimen sizes. The yield stress with respect to strain 

rate was divided into two regions: a plateau stress region and 

an exponentially-increasing one. At high strain rates, the 

crystal structure including amorphous regions had a smoother 

zigzag curve after the yield point. It was found that the higher 

the temperature became, the lower the yield stress became, 

and the elastic modulus was lower with active atomic 

mobility. Next, material characterization was conducted 

based on these results. The thermal softening effect was 

expressed in terms of the elastic modulus. The other effects 

were expressed in terms of the normalized yield stress. These 

computational results can lead to the development of an in 

silico platform to characterize material properties, and MD 

simulation can lay the groundwork for multi-scale modeling 

and simulation.
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